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Fractional quantum Hall (FQH) edge states are a prototypical realization of chiral Luttinger
liquids, and their low-energy dynamics are commonly described within bosonization theory
[1-3]. While this framework has been highly successful for extended edges, many experimen-
tally relevant systems involve mesoscopic geometries, such as ring-shaped edges and antidot
structures, in which finite circumference, compactness, and zero modes become essential to ob-
servable quantities. In particular, isolated ring geometries provide a natural setting for studying
the optical response of a finite FQH edge [4,5], while antidot devices offer a controlled plat-
form in which charging effects, enclosed magnetic flux, discrete edge excitations, and anyon-
related phase effects may influence measurable transport characteristics [6-9]. A theoretical
framework that consistently incorporates such finite-size effects as well as finite-temperature
effects is therefore important for connecting effective edge theory with measurable signatures
in confined FQH systems.

In this work, we develop a finite-size bosonization framework for the fractional quantum
Hall edge at finite temperatures. In contrast to the standard treatment for an infinitely extended
edge, a finite geometry requires a careful treatment of compactification and zero modes, which
play a central role in mesoscopic observables. By expressing finite-size and finite-temperature
contributions exactly in terms of Jacobi theta functions, our formulation provides a unified
low-energy description of edge excitations in closed geometries and allows both linear and
nonlinear optical responses, as well as transport observables, to be evaluated in closed analytic
form.

Using this approach, we study the optical response of an isolated ring, including both the
linear electrical polarization susceptibility and the nonlinear optical response, and analyze how
the discrete mode structure of the finite edge appears in these observables. For the isolated
ring, we find that while the linear optical response exhibits peak shifts reflecting quasipar-
ticle tunneling, the nonlinear optical response is nonzero only in the presence of tunneling,
thereby isolating the tunneling-induced contribution. The combination of these two responses
is expected to provide a route to extracting the anyonic statistics of fractional quantum Hall
quasiparticles. For the antidot geometry, we demonstrate that the crossover from Coulomb-
blockade-dominated sequential tunneling to coherent resonant tunneling and cotunneling can
be systematically controlled by tuning the antidot size.

[1] X. G. Wen, Phys. Rev. B 41, 12838 (1990). [2] X. G. Wen, Adv. Phys. 44, 405 (1995). [3]
A. M. Chang, Rev. Mod. Phys. 75, 1449 (2003). [4] J. Cano et al., Phys. Rev. B 88, 165305
(2013). [5] F. Murabayashi, R. Sano, F. Ronetti, J. Rech, T. Martin, T. Jonckheere, and T. Kato,
arXiv:2602.24116 (2026). [6] C. L. Kane and M. P. A. Fisher, Phys. Rev. B 46, 15233 (1992).
[7] K. Moon et al., Phys. Rev. Lett. 71, 4381 (1993). [8] V. J. Goldman and B. Su, Science
267, 1010 (1995). [9] D. Arovas et al., Phys. Rev. Lett. 53, 722 (1984).



